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Introduction.
A linear system of hypersurfaces of Pr is said homaloidal if it de�nes abirational map onto the image and subhomaloidal if the (closure of a) general�ber of the associated rational map is a linear projective space. It is saidspecial if the base locus scheme of the linear system is a smooth irreduciblesubvariety X ⊂ Pr . Special (sub)homaloidal systems of quadrics deservedgreat interest. Well known examples are given by quadrics through a rationalnormal curve of degree 4 (general representation of G(1, 3), see [17], [18]), byquadrics through a normal elliptic quintic curve (quadro-cubo transformation of
P4, see [18]) or by quadrics through a Veronese surface in P5 (quadro-quadricinvolutory transformation of P5, see [18], [8]), by quadrics through a rationaloctic surface in P6 (see [19], [12]). These special homaloidal systems havealso the property that the map they de�ne is an isomorphism on Pr \ Sec(X ).Several interesting examples of special subhomaloidal systems are discussedin [18], [8] and [12] and most of the examples of homaloidal systems areobtained from the subhomaloidal ones by restriction to a general linear spaceof dimension equal to the codimension of the generic �ber. Viceversa oncewe have a special homaloidal system and we know that the base locus can beextended non-trivially we could hope to �nd a special subhomaloidal system.
The main result of the paper is the generalization of the fact that the abovementioned varieties are scheme theoretically de�ned by the quadrics throughthem and of the fact that those linear systems of quadrics are subhomaloidal bygiving a simple and direct geometric proof. In fact in theorem 1, and corollary 1,we prove that if the degree d of a linearly normal, regular if n = dim(X ) ≥ 2,variety X ⊂ Pr is such that d ≤ 2(r − n) − 1, then the quadrics through Xgive a special subhomaloidal system whose base locus is exactly X . Moreover,if Sec(X ) ⊂ Pr , then this linear system is homaloidal, giving an embeddingoff Sec(X ). By the way we prove geometrically that a linearly normal varietyX ⊂ Pr , regular if n ≥ 2, of degree d ≤ 2(r − n) is the scheme theoreticintersection of the quadrics through it, a result which is interesting in its own.
Actually, the above assumptions on X imply that it satis�es property Np ofGreen for p = 2(r −n)+1−d , which in turn implies the quoted consequences(see [1], proposition 2). Here we have given a direct geometric proof, basedon Castelnuovos idea that a set of 2s + 1 points in general linear position in
P
s impose independent conditions to quadric hypersurfaces. We would liketo remark that this is also the fundamental step in the proofs of results on theresolution of the ideal of a curve or of an algebraic variety de�ned by quadraticequations (see [10] and [11]), i.e. in showing that property Np holds for somep ≥ 1.
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In the second section we study the �ber of a rational map de�ned byquadrics which scheme theoretically de�ne a variety X ⊂ Pr , showing somerelations between the �ber of the map and the entry locus of the variety. In thethird section we apply the above results to varieties with one apparent doublepoint: these are n-dimensional varieties Xn ⊂ P2n+1 such that through thegeneral point of P2n+1 there passes a unique secant line to X , or equivalentlysuch that the projection from a general point of P2n+1 is a variety with only adouble point as singularity. The �rst result shows that a variety Xn ⊂ P2n+1scheme theoretically de�ned by quadrics has one apparent double point if theimage of the rational map associated to |H 0(IX (2))| has dimension 2n; in thiscase the irreducible components of a general �ber of the associated rational mapare secant lines to X and hence through a general point of P2n+1 there passesa unique secant line to X . In particular if Xn ⊂ P2n+1 is scheme theoreticallyde�ned by a subhomaloidal linear system of quadrics having as a general �bera line, then X has one apparent double point. Then we apply this remark toverify that some interesting examples of varieties have one apparent doublepoint; combining the above result with Theorem 1 we prove that a linearlynormal regular variety Xn ⊂ P2n+1 with Sec(X ) = P2n+1 and with degreed ≤ 2n + 1 has one apparent double point. Most of these results on varietieswith one apparent double point are contained in [1], where more sophisticatedmethods were employed and where all varieties Xn ⊂ P2n+1 with one apparentdouble point and of degree d ≤ 2n + 4 were classi�ed. We insist about theelementary and geometric nature of the arguments used here.
Acknowledgments. The idea of applying Castelnuovos argument to subhoma-loidal systems was suggested to us by Ciro Ciliberto some time ago. We wouldlike to thank him for this and for many other suggestions and discussions, whichhelped and stimulated us very much during last years. We also thank Andrei In-shakov for some useful remarks on an old version of the paper.
1. Special subhomaloidal systems of quadrics.
We give a geometric and direct proof of the fact that quadrics through alinearly normal, regular if dim(X ) ≥ 2, variety X ⊂ Pr , whose degree issuf�ciently small with respect to codimension, de�ne a special subhomaloidalsystem of quadrics. If Sec(X ) ⊂ Pr , then the associated rational map is anembedding off Sec(X ) and the linear system is homaloidal.
Theorem 1. Let X ⊂ Pr be a smooth linearly normal variety such thatSec(X ) ⊂ Pr . Suppose h1(OX ) = 0, if dim(X ) ≥ 2. Let s = codim(X )
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and let d = deg(X ). If d ≤ 2s − 1, then the quadrics through X give a specialhomaloidal system, de�ning an isomorphism on Pr \ Sec(X ).
We would like to remark that by virtue of Lemma 5 below varietiessatisfying the hypothesis of the proposition are scheme theoretic intersectionof the quadrics through them.Let X ⊂ Pr be a smooth non-degenerate variety of degree d = 3, thenX is either a cubic hypersurface or s = codim(X ) = 2 (remember that fora non-degenerate variety d ≥ s + 1). In the last case X is the Segre variety
P1 × P2 ⊂ P5 or one of its linear sections. In any case X has ideal generatedby 3 quadrics giving a rational map φ : Pr − − → P2, r = 3, 4, 5 . To verifythat the general �ber is a Pr−2 it suf�ces to cut with a general P2, to remarkthat φ induces on this P2 a standard Cremona transformation so that a general
P2 cuts a general �ber of φ in one point, giving the assertion. This fact can begeneralized to arbitrary d in the same way using Theorem 1.
Corollary 1. Let X ⊂ Pr be a smooth linearly normal variety. Supposeh1(OX ) = 0, if dim(X ) ≥ 2. Let s = codim(X ) and let d = deg(X ). Ifd ≤ 2s−1, then the quadrics through X de�ne a special subhomaloidal system.
To prove Theorem 1 we need some preliminary results, which we repro-duce for the convenience of the reader.
Lemma 1. Let X ⊂ Pr be a smooth algebraic variety scheme theoreticallyintersection of quadratic forms F0, . . . , Fs and let V =< F0, . . . , Fs >. Letp, q ∈ Pr be two distinct points such that the line < p, q >= L is not secant,or tangent, to X but it cuts X in a point h. Then the two points p and q areseparated by the linear system |V |.
Proof. The linear system |V ||L has at least a base point h. The residual partgives a base point free linear subsystem of |OL(1)| so that it separates the pointsp and q . Otherwise this linear subsystemwould be zero dimensional and wouldhave a base point m, eventually coincident with h; the line L would be secantor tangent to X . �
Lemma 2. (generalized trisecant lemma) Let C ⊂ Pr , r ≥ 3, be an irreduciblenon-degenerate curve and let k, 1 ≤ k ≤ r − 2, be an integer. Then the familyof (k + 2)-secant k-planes to C has dimension at most k.
Lemma 3. Let C ⊂ Pr , r ≥ 5, be a non-degenerate irreducible curve and letL ⊂ Pr be a line such that L ∩ C = ∅.Then, for a general hyperplane H through L, for every p1, . . . , ps , 1 ≤s ≤ r − 2, in H ∩ C and for every p, q ∈ L, the points p1, . . . , ps, p, q are in
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general linear position and the linear space < p1, . . . , ps > does not containother points of C.
Moreover, given a point p ∈ L, for a general hyperplane H through L,there exist p1, . . . , pr−1 ∈ H ∩ C such that < p1, . . . , pr−1 >� Pr−2 does notpass through p.
Proof. To prove the �rst assertion we can assume s = r − 2. Suppose thatfor a general hyperplane H through L there exists p1, . . . , pr−2, p, q such thatdim(< p1, . . . , pr−2, p, q >) ≤ r − 2. Fix a general Pr−2 skew with L . Thentaking on the curve C � = πL(C) ⊂ Pr−2 the section by a generic hyperplaneH � ⊂ Pr−2 , necessarily of the form πL(H ) with H general through L , ther − 2 points πL (p1), . . . , πL(pr−2) would not be in general linear position, incontradiction with the general position lemma.
If for a general hyperplane H through L , there exist p1, . . . , pr−2 ∈ H ∩Csuch that < p1, . . . , pr−2 > contains another point of C , then C would have an
(r − 2)-dimensional family of (r − 1)-secant (r − 3)-planes, in contradictionwith the generalized trisecant lemma.
Let us prove the last assertion. By Lemma 2 for general H through Lthere exist p1, . . . , pr−1 ∈ H ∩ C such that WH =< p1, . . . , pr−1 > is anhyperplane in H . Now �x a general Pr−1 not passing through p: if every WHpasses through p, then the curve πp(C) = C � ⊂ Pr−1 would have an (r − 2)-dimensional family of (r − 1)-secant (r − 3)-planes, in contradiction with thegeneralized trisecant lemma. �
Lemma 4. Let C ⊂ Pr , r ≥ 5, be an irreducible linearly normal curve ofdegree d ≤ 2r − 3. Let p, q ∈ Pr such that L =< p, q > ∩C = ∅. Then thepoints p and q are separated by the linear system |H 0(IC (2))|.
Proof. Let H be a general hyperplane through L . By Lemma 3 there existp1, . . . , pr−1 ∈� = H ∩ C , such that W =< p1, . . . , pr−1 >� Pr−2 does notpass through q (or viceversa through p).
We proceed in the proof by applying the idea of Castelnuovo to construct(reducible) quadrics containing � and satisfying the other properties. Let #� =r −1+ k ≤ 2r −3. Since H is general, the remaining k points pr , . . . , pr−1+k ,k ≤ r − 2, p and q are in general linear position in H by Lemma 3; hencethere exists an hyperplane Wp in H containing p and pr , . . . , pr−1+k , but notq (or viceversa there exists the analogous Wq not containing p). Then W · Wpis a quadric in H containing � ∪ p but not q (or viceversa W · Wq contains
� ∪ q but not p). Then there exists Q ∈ H 0(I�(2)) vanishing in p but not in qand viceversa. Since C is linearly normal, there exists Q ∈ H 0(IC (2)) with thesame property. �
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Lemma 5. Let X ⊂ Pr be a smooth linearly normal variety. Supposeh1(OX ) = 0, if dim(X ) ≥ 2. Let s = codim(X ) and let d = deg(X ). Ifd ≤ 2s, then X is the scheme theoretic intersection of the quadrics through it.
Proof. Let p ∈ Pr \X and let M be a general Ps through p; applying argumentslike in the above lemmas, one sees that cutting X with M we will obtain acollection � = M ∩ X of d points, s + 1 ≤ d ≤ 2s in Ps satisfying thefollowing condition: s of them span a linear space N = Ps−1 and the remainingd − s a linear space N � � Pd−s−1 such that the points of each of these subsetsdo not belong to the linear space generated by the other subset. Then the usualCastelnuovos argument (see Lemma 4) can be applied to show that � is thescheme theoretic intersection of the quadrics containing it; since the hypothesisimply that the restriction map H 0(IX (2)) → H 0(I�(2)) is an isomorphism,p is not in the intersection of the quadrics containing X . We have proved thatX is the set theoretic intersection of H 0(IX (2)); applying arguments like inthe above lemmas to a point p ∈ X , a line L through p not tangent to X anda general Ps through L , since L cuts X transversally at most only in anotherpoint by the �rst part of the proof, the usual Castelnuovos argument shows thatL is not contained in the intersection of the tangent spaces in p to the quadricscontaining X , i.e. X is scheme theoretically the intersection of the quadricscontaining it. �
Remark 1. The above results seem to be unknown. For example Lemma 5implies that the rational surfaces S ⊂ P6 considered in [19], [6] and [12] are thescheme-theoretic intersection of the quadrics through them (see also [15] for adifferent proof of this fact). In the above mentioned papers either the problemwas left open or solved by ad-hoc methods.
Proof of theorem 1. We want to show that every p, q ∈ Pr\Sec(X ) are separatedby the linear system |H 0(IX (2))|. Let L =< p, q > (if p = q we will identifyL with a line through p and we will leave to the reader the obvious modi�cationof the argument in this case) be a line not secant or tangent to X . Let us supposethat L ∩ X consists of a single point. Since by Lemma 5 X is the schemetheoretic intersection of the quadrics containing it, applying Lemma 1 we obtainthat the points p and q are separated by |H 0(IX (2))|.We can assume s ≥ 4 because, for s ≤ 3, X is necessarily a quartic normalrational curve, a quintic normal elliptic curve or the Veronese surface in P5, forwhich the result is well known by classi�cation of varieties of low degree (seefor example [9] for s = 2 when 2s−1 = d = s+1 and [13] for the case s = 3,i.e. 5 = 2s − 1 ≥ d ≥ s + 1 = 4).Let us assume L ∩ X = ∅. Let M be a general linear space of dimensions + 1 through L . Then C = M ∩ X is an irreducible curve of degree d ≤
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2(s+1)−3 = 2s−1 and clearly L∩C = ∅. The hypothesis imply also that C islinearly normal and that the restrictionmap H 0(Pr , IX (2))→ H 0(Ps+1, IC(2))induces an isomorphism. Since s ≥ 4 Lemma 4 gives that the points p and qare separated by |H 0(IC (2))| and hence by |H 0(IX (2))|.Then |H 0(IX (2))| is a special homaloidal system of quadrics de�ning anisomorphism on Pr \ Sec(X ). �
Proof of corollary 1. By the discussion before the statement of the corollary wecan suppose s ≥ 3. Let k ≤ r be the greatest integer such that the generallinear section of X with a Pk is a smooth variety Y of dimension greater thanor equal to 1 such that Sec(Y ) ⊂ Pk ; since s ≥ 3 we have k ≥ 4. Then Y isa linearly normal variety of degree d ≤ 2s − 1 and such that h1(OY ) = 0, ifdim(Y ) ≥ 2 by Kodairas vanishing theorem. Applying Theorem 1 to Y we seethat a general �ber of the rational map given by |H 0(IX (2))| cuts a general Pkin a point, giving the assertion. �
2. Varieties which are scheme theoretic intersection of quadrics.
Let X ⊂ Pr be scheme theoretically de�ned by the quadrics throughit. Assume, as usual, that X is smooth and non-degenerate. Let us considerthe rational map � associated to the linear system V = H 0(Pr , IX (2)),dim(V ) = α + 1. Let P be a generic point of Pr out of X and let z be itscoordinates. Let us consider the Jacobian matrix of �, evaluated at P :
J�|P =


gradF0|PgradF1|P
. . . . . . . . .gradFα|P

 = 2


zt A0zt A1
. . . . . .zt Aα

 ,
where t means transposition, and A0, . . . , Aα are the matrices of the corre-sponding quadrics. Note that J�|P is a matrix of type (α + 1, r + 1). Let ρ(P)be the rank of J�|P and let LP = {x ∈ Pr |zt Ai x = 0, i ≥ 1}.Let us consider �P := �−1[�(P)] and let us prove the following.
Lemma 6. With the previous notation: TP(�P) = LP and dim(LP ) =r + 1− ρ(P) where TP is the Zariski tangent space to �P at P.
Proof. Let us choose a coordinate system in Pα such that �(P) ≡ (1 : 0 :
. . . : 0). Hence we have that �P ∪ X = {x ∈ Pr |xt Ai x = 0, i ≥ 1} andTP(�P) = {x ∈ Pr |zt Ai x = 0, i ≥ 1} = LP . Consider J�|P : the �rst rowcan not be a linear combination of the other ones, otherwise we would have:zt A0 = � λj zt Aj ; then zt A0z = � λj zt Aj z, but this is not possible since
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F0(z) �= 0 and Fi(z) = 0 for i ≥ 1. Therefore the rank of the matrix obtainedfrom J�|P by dropping out the �rst row is ρ(P) − 1; on the other hand thisrank is the number of linearly independent hyperplanes de�ning LP so thatdim(LP) = r − [ρ(P)− 1] = r + 1− ρ(P). �
Now, for any P ∈ Sec(X ) \ X, let us de�ne CP as the (closure of the) setof points Q ∈ Pr such that the line PQ is a secant line for X . Obviously, CP isnever empty and the entry locus of P with respect to X ,
�P = {x ∈ X | ∃ y ∈ X y �= x or x = y : P ∈ �x , y�},
is the intersection between X and CP as sets.We have essentially proved the next result.
Lemma 7. For generic P the cone CP is set-theoretically the intersection of
�P ∪ X with TP(�P) = LP .
Proof. As above we can assume that �(P) ≡ (1 : 0 : ..... : 0). Let Qbe another point of Pr , Q �= P, and let x be its coordinates. To �nd theintersections between X and the line PQ we have to �nd the values (λ : µ)for which the following equations are satis�ed:
(λz + µx)t Ai (λz + µx) = 0 for any i ≥ 0; i.e.
λ2(zt Ai z)+ 2λµ(zt Ai x)+ µ2(xt Ai x) = 0 for any i ≥ 0; (∗)moreover PQ is a secant line to X if and only if all equations (∗) have the samesolutions. This happens if and only if the following matrix

zt A0z zt A0x xt A0x0 zt A1x xt A1x0 zt A2x xt A2x
. . . . . . . . . . . . . . . . . .0 zt Aαx xt Aαx


has rank one and hence if and only if zt Ai x = xt Ai x = 0 for any i ≥ 1 (recallthat zt A0z �= 0). We have that
CP = {x ∈ Pr |zt Ai x = x t Ai x = 0, i ≥ 1}red ,that
�P ∪ X = {x ∈ Pr |xt Ai x = 0, i ≥ 1}and that TP(�P) = {x ∈ Pr |zt Ai x = 0, i ≥ 1} = LP;therefore CP = (�P ∪ X ) ∩ LP as sets. Moreover CP is the intersection of the
α cones: {zt Ai x = xt Ai x = 0}i = 1, 2, . . . , α, each of them being singularat P . �
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3. Varieties with one apparent double point.
We now apply the results of the previous sections to varieties with oneapparent double point.
Proposition 1. Let X ⊂ P2n+1 be a smooth, non-degenerate, variety of dimen-sion n with Sec(X ) = P2n+1 , which is the scheme theoretic intersection of α+1quadrics. Let � : P2n+1\X → Pα be the associated rational map and let ρ(�)be the rank of J� at the generic point of P2n+1 . If dim (Im (�)) = 2n (or equiv-alently ρ(�) = 2n + 1), then X is a variety with one apparent double point. Inparticular if X ⊂ P2n+1 is scheme theoretically de�ned by a subhomaloidal lin-ear systems of quadrics whose general �ber is a line, then X has one apparentdouble point.
Proof. Recall that we can regard � as a regular map between smooth varieties,hence, for generic P ∈ P2n+1, �P is smooth and of pure dimension 2n + 1 −dim (Im(�)). Moreover since it is de�ned by quadrics vanishing on X , �contracts secant lines to X to points. Hence in our hypothesis dim(�P) = 1and every secant line passing through an arbitrary point Q ∈P2n+1 is containedin �Q . Since Sec(X ) = P2n+1 , there is at least a secant line to X passingthrough a general point P ∈ P2n+1 , so that every irreducible component of ageneral �ber of � is a secant line to X and hence there passes a unique secantline to X through a general point of P2n+1 , i.e. X is a variety with one apparentdouble point. Using the notations of the previous section, one could also argueas follows. By Lemma 6, LP is a line tangent to �P at P . As Sec(X ) = P2n+1there is at least a secant line to X , passing through P so that CP is not emptyand, by Lemma 7, CP is contained in LP . Therefore CP = LP as schemes andfor generic P ∈ P2n+1 there passes a unique secant line to X i.e. X is a varietywith one apparent double point.If X is scheme theoretically de�ned by a subhomaloidal system having aline as general �ber, then arguing as above, the general �ber is a secant line toX . �
Corollary 2. Let X ⊂ P2n+1 be a smooth linearly normal n-dimensionalvariety of degree d ≤ 2n + 1 with Sec(X ) = P2n+1 . Suppose h1(OX ) = 0,if n ≥ 2. Then X has one apparent double point.
Proof. By corollary 1 we know that |H 0(IX (2))| is a subhomaloidal linearsystem giving a rational map � : P2n+1 − − → PH 0(IX (2))) which is notde�ned exactly along X and having as general �ber a projective space Pk ,with k ≥ 1 since Sec(X ) = P2n+1 . To show that X is a variety with oneapparent double point it is suf�cient to prove that the general �ber of � is aline, necessarily secant to X . Cutting X with a general hyperplane H we obtain
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a variety Y = X ∩ H for which the hypothesis of Theorem 1 are satis�ed; therestriction to H of� is then birational and the general �ber of � is a line. �
As an application of the results we now prove that some varieties have oneapparent double point.
Example 1. (Smooth n-dimensional varieties of minimal degree d = n + 2in P2n+1 , whose secant variety �ll the whole space have one apparent doublepoint). We construct two series of varieties Xn+2n ⊂ P2n+1 , each of which hasone apparent double point. These are the smooth n-dimensional rational normalscrolls in P2n+1 of degree n + 2 S(1, . . . , 1� �� �
n−2
, 2, 2), n ≥ 2, or S(1, . . . , 1� �� �
n−1
, 3),
n ≥ 1. These varieties are linearly normal, have h1(O) = 0, their secantvarieties �ll the whole space and have degree d = n + 2 ≤ 2(n + 1) − 1;they have one apparent double point by corollary 2. Moreover, these are theonly smooth Xn+2n ⊂ P2n+1 , whose secant varieties �ll the whole space by aclassical theorem of Bertini and Del Pezzo. For n ≥ 2 these varieties can berealized as divisors of type (2, 1) on the Segre embedding of P1×Pn into P2n+1 .For n = 2, S(2, 2) can be realized also as a divisor of type (0, 2) on the Segre3-fold P1 × P2 ⊂ P5. From the description of these varieties as divisors on theSegre variety P1×Pn into P2n+1 , Edge showed geometrically that they have oneapparent double point (see [7]).
We recall a construction, due to Edge and Babbage (see [7] and [3]) of twoseries of varieties Xn ⊂ P2n+1 , n ≥ 1 having one apparent double point.
Example 2. (Edge varieties have one apparent double point). Let Yn+1 =
P1 × Pn ⊂ P2n+1 be the Segre embedding of P1 × Pn . Then Yn+1 is an
(n + 1)-dimensional subvariety of degree n + 1. Let π be one of the Pn s ofthe ruling of Yn+1 and let Q1 be a general quadric of P2n+1 containing π . Thenthe residual intersection of Q1 with Yn+1 is an n-dimensional smooth varietyX 2n+1n of degree 2n + 1 in P2n+1 and it is a divisor of type (1, 2) on Yn+1 . Letnow πα and πβ be two �xed n-planes of the ruling of Yn+1 . If Q2 is a generalquadric through πα and πβ , then the residual intersection of Q2 with Yn+1 is ann-dimensional smooth variety X 2nn of degree 2n and it is a divisor of type (0, 2)on Yn+1 , i.e. X 2nn � P1 × Qn−1 . By applying corollary 2 we see that the abovevarieties have one apparent double point since they are linearly normal, haveh1(OX ) = 0 and degree d ≤ 2(n+1)−1 = 2n+1. Edge shows geometricallythat these varieties have one apparent double point (see [7], I.2I.5). The aboveconstruction gives, for n = 1, as X 31 the twisted cubic and as X 21 a pair of linesin a ruling of the quadric Y1. This last one is not irreducible. For n = 2, X 52 isa Del Pezzo surface of degree 5 in P5, while the surface X 42 is a rational normal
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scroll S(2, 2) of degree 4 in P5. It is a classical theorem of Severi, recentlycompleted in [16], that these two surfaces together with S(1, 3) are the uniquesurfaces with one apparent double point.
One could verify that some interesting examples of varieties Xn ⊂ P2n+1 ,even of degree d > 2n + 1, have one apparent double point using the ideacontained in the proof of corollary 2.
Example 3. (Smooth 3-folds of degree 8 in P7 with one apparent double point).Let X = P(E) ⊂ P7 be the scroll over P2 associated to the very ample vectorbundle E of rank 2 given as an extension by the following exact sequence
0→ OP2 → E → Ip1,...,p8(4) → 0,
where p1, . . . , p8 are points in P2 such that no 4 of them are collinear and no8 of them lie on a conic. Such a vector bundle exists (see [13]). A generalhyperplane section of X corresponding to a general section of E is a smoothoctic rational surface Y , the embedding of the blow-up of P2 at the pi s givenby the quartics through the pi s, is arithmetically Cohen-Macaulay and it iscut out by 7 quadrics, which de�ne a Cremona transformation of P6 (see [12],[19] and also [15]). Hence X is a linearly normal 3-fold scheme theoreticallyintersection of the seven quadrics through it. In fact we know by Lemma 5 thatX is the scheme theoretic intersection of the quadrics trough it. To show thath0(IX (2)) = 7, we simply remark that cutting with a general P4 we obtain aset � ⊂ P4 of eight points in general linear position which impose independentconditions to quadrics by the usual Castelnuovo s argument. Since X is linearlynormal and h1(OX ) = 0, we have h0(IX (2)) = h0(I�(2)) = h0(OP4(2))− 8 =15 − 8 = 7. We now prove that Sec(X ) = P7 and that X has one apparentdouble point. Let � : P7 −− → P6 be the rational map given by the quadricsthrough X ; � is de�ned outside X and contracts all the secant lines to X . Sincerestricting � to a general hyperplane H we obtain a Cremona transformation,the general �ber of � is a line and necessarily a secant line to X because � isde�ned by the quadrics through X .
Question 1. Is it true that if X is a variety with one apparent double point, thenX is scheme theoretically de�ned by a subhomaloidal linear system of quadricssuch that the (closure of the) generic �bre is a line ?
We do not know the answer. By the previous results we can say that if Xis the scheme theoretic intersection of quadrics, then, for generic P ∈ P2n+1,
�P is smooth and it contains the unique secant lines to X passing through P.
